
Satellite Radar Interferometry: Theory and1

Practice2

David T. Sandwell1 Xiaohua (Eric) Xu2
3

Jingyi (Ann) Chen 3 Robert J. Mellors1 Meng (Matt) Wei4
4

Xiaopeng Tong5 John B. DeSanto6 Qi Ou7
5

August 15, 20246

1Scripps Institution of Oceanography, University of California, San Diego, La Jolla, CA
2University of Science and Technology of China, Hefei, China
3Aerospace Engineering and Engineering Mechanics, The University of Texas at Austin, TX
4Graduate School of Oceanography, University of Rhode Island, Narragansett, RI
5Institute of Geophysics, China Earthquake Administration, Beijing, China
6Department of Earth and Space Sciences, University of Washington, Seattle, WA
7School of GeoSciences, The University of Edinburgh, Edinburgh, UK



1

2

This pre-publication version is free to view and download for personal use only. Not3

for re-distribution, re-sale or use in derivative works.4

Copyright© 2024 by David T. Sandwell5



Contents1

1 Introduction 42

1.1 Essential Ingredients for Satellite Remote Sensing . . . . . . . . . . . 63

1.2 Main Categories of Satellite Remote Sensing . . . . . . . . . . . . . 84

2 Principles of Synthetic Aperture Radar 115

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

2.2 Fraunhofer Di� raction . . . . . . . . . . . . . . . . . . . . . . . . . 127

2.3 2–D Aperture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

2.4 Range and Azimuth Resolution . . . . . . . . . . . . . . . . . . . . . 179

2.5 Constraints on Pulse Repetition Frequency . . . . . . . . . . . . . . . 1910

2.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2111

3 Satellite Orbits 2412

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2413

3.2 Kepler Elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2614

3.3 Precession of the Orbit Plane . . . . . . . . . . . . . . . . . . . . . . 3015

3.4 Ground Track of Circular Orbit . . . . . . . . . . . . . . . . . . . . . 3116

3.5 Ellipsoidal Earth Model . . . . . . . . . . . . . . . . . . . . . . . . . 3517

3.6 Special Orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3618

3.7 Precise Orbits for InSAR . . . . . . . . . . . . . . . . . . . . . . . . 4119

3.8 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4620

4 SAR Image Formation 4821

4.1 Overview of the Range-Doppler Algorithm . . . . . . . . . . . . . . 4822

4.2 Processing onboard the satellite . . . . . . . . . . . . . . . . . . . . . 4823

4.3 Digital SAR Processing . . . . . . . . . . . . . . . . . . . . . . . . . 5024

4.4 Range Compression . . . . . . . . . . . . . . . . . . . . . . . . . . . 5425

4.5 Azimuth Compression . . . . . . . . . . . . . . . . . . . . . . . . . 5726

4.6 Example with ALOS L-band Orbit . . . . . . . . . . . . . . . . . . . 6427

4.7 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6728

5 Interferometric processing 6829

5.1 Interferogram Formation . . . . . . . . . . . . . . . . . . . . . . . . 6830

5.2 Contributions to Phase . . . . . . . . . . . . . . . . . . . . . . . . . 7031

ii



CONTENTS iii

5.3 Phase due to Earth Curvature . . . . . . . . . . . . . . . . . . . . . . 701

5.4 Look Angle and Incidence Angle for a Spherical Earth . . . . . . . . 722

5.5 Critical Baseline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 733

5.6 Approximate Phase due to Topography . . . . . . . . . . . . . . . . . 754

5.7 Topography from Single-Pass InSAR: SRTM . . . . . . . . . . . . . 765

5.8 Exact Phase due to Earth Curvature and Topography . . . . . . . . . 776

5.9 Geocoding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 787

5.10 Geocoded SLC InSAR processing strategy . . . . . . . . . . . . . . . 808

5.11 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 819

6 Coherence, Filtering, and Phase Gradient 8210

6.1 Need for Filtering an Interferogram . . . . . . . . . . . . . . . . . . 8211

6.2 Coherence and Filtering Techniques . . . . . . . . . . . . . . . . . . 8312

6.3 Goldstein Frequency Domain Filter . . . . . . . . . . . . . . . . . . 8813

6.4 Phase Gradient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9014

6.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9115

7 Phase Unwrapping 9316

7.1 Basic Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9317

7.2 Fourier Transform Algorithm . . . . . . . . . . . . . . . . . . . . . . 9818

7.3 Branch Cut (Goldstein) Algorithm . . . . . . . . . . . . . . . . . . . 10119

7.4 Minimum Cost Flow (SNAPHU) Algorithm . . . . . . . . . . . . . . 10320

7.5 Near Neighbor Algorithm and Loop Closure . . . . . . . . . . . . . . 10521

7.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10822

7.7 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10923

8 SAR Modes 11124

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11125

8.2 Polarization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11426

8.3 Range and Azimuth Resolution . . . . . . . . . . . . . . . . . . . . . 11527

8.4 ScanSAR Processing and Interferometry . . . . . . . . . . . . . . . . 11628

8.5 Terrain Observation by Progressive Scans (TOPS) . . . . . . . . . . . 12229

8.6 SweepSAR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13130

8.7 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13431

9 Troposphere, Ionosphere, and Tide Corrections 13532

9.1 Contributions to Phase . . . . . . . . . . . . . . . . . . . . . . . . . 13533

9.2 Refractive Index of the Troposphere and Ionosphere . . . . . . . . . . 13934

9.3 Characteristics and Mitigation of the Troposphere Delay . . . . . . . 14235

9.4 Characteristics and Mitigation of the Ionosphere Advance . . . . . . . 15036

9.5 Tides and Aliasing . . . . . . . . . . . . . . . . . . . . . . . . . . . 15737

9.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16038

10 Complementary Approaches and Time Series 16139

10.1 Complementary Approaches . . . . . . . . . . . . . . . . . . . . . . 16140

10.2 Range and Azimuth Pixel O� sets . . . . . . . . . . . . . . . . . . . . 16241



CONTENTS iv

10.3 Multiple Aperture and Burst Overlap Interferometry . . . . . . . . . . 1641

10.4 Stacking Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 1682

10.5 Small Baseline Subset Method . . . . . . . . . . . . . . . . . . . . . 1703

10.6 Persistent Scatterer Algorithms . . . . . . . . . . . . . . . . . . . . . 1754

10.7 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1795

11 Integration of InSAR and GNSS 1816

11.1 Complementary Attributes of InSAR and GNSS . . . . . . . . . . . . 1817

11.2 Vector Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . 1838

11.3 Corrected GNSS LOS displacement for events . . . . . . . . . . . . . 1879

11.4 Interseismic velocity and strain rate . . . . . . . . . . . . . . . . . . 19010

11.5 InSAR/GNSS Time Series . . . . . . . . . . . . . . . . . . . . . . . 19311

11.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19912



Preface and Acknowledgements1

This textbook provides a comprehensive overview of satellite radar interferometry for2

mapping surface deformation from various phenomena, including earthquakes, volca-3

noes, landslides, glacier �ow, ice grounding lines, ground �uid injection/withdrawal,4

and underground nuclear tests. It is designed for students and researchers in the phys-5

ical sciences who have completed courses in introductory physics, calculus, and com-6

puter science.7

The book covers the physical principles, mathematical models, and algorithms used8

in InSAR processing from a geodetic perspective. Readers will gain insights into both9

the theoretical underpinnings and practical applications of InSAR, making it a valuable10

resource for understanding and utilizing this powerful remote sensing technology.11

Chapter 1 discusses six types of remote sensing methods possible from Earth orbit and12

introduces radar interferometry as the optimal approach for measuring small surface13

deformation.14

Chapter 2 explains the basic physics of radar imaging from orbital altitude, including15

the limits on accuracy, spatial resolution in the range and azimuth directions, and the16

fundamental limitation on swath width.17

Chapter 3 details the kinematics of satellite orbits and their use in InSAR processing18

and its automation. It covers the six parameters needed to describe an orbit (Kepler19

elements or Cartesian state vector), transforming coordinates from an Earth-�xed frame20

to the satellite frame, and methods to calculate a centimeter-accuracy satellite trajectory21

from a sequence of state vectors.22

Chapter 4 provides a comprehensive presentation of the commonly used range-Doppler23

algorithm for focusing complex backscatter data into a single-look complex (SLC)24

image.25

Chapter 5 explains the process of forming an interferogram from two geometrically26

aligned SLC images and methods for extracting deformation and topography from the27

interferometric phase. It also covers critical baseline, geocoding, and geocoded SLC's.28

1



CONTENTS 2

Chapter 6 discusses the main methods for �ltering complex interferograms, computing1

coherence, and for computing phase gradient.2

Chapter 7 introduces the basic concepts and fundamental limitations (i.e., residues) of3

phase unwrapping. It presents three common unwrapping methods: the global Fourier4

transform method, the path-following branch-cut method, and the minimum cost �ow5

method. Additionally, it covers methods for correcting integer ambiguities using phase6

closure within stacks of interferograms.7

Chapter 8 explores a wide range of SAR operational modes, including polarization and8

wide swath modes. It reviews the fundamental limitation of the standard swath-mode9

acquisition and discusses three methods for increasing swath width: ScanSAR, Terrain10

Observation by Progressive Scans (TOPS), and SweepSAR for the upcoming NISAR11

mission.12

Chapter 9 examines the three factors that a� ect radar range measurement: spatial and13

temporal variations of the dry and wet components of the troposphere, phase advance14

of radar waves through the ionosphere, and the solid Earth tides. It also discusses15

practical corrections and mitigation approaches.16

Chapter 10 presents complementary approaches to measuring surface deformation by17

radar, including pixel o� set tracking, multiple aperture interferometry, and burst over-18

lap interferometry. The second part of the chapter discusses methods for extracting19

surface velocity and time series from a large set of interferograms, as well as identify-20

ing pixels that remain stable over long periods.21

Chapter 11 highlights the need for ground control, such as GNSS survey points, to bring22

InSAR deformation measurements into a geodetic reference frame. It also explains the23

theory for projecting vector GNSS displacement into scalar line-of-sight (LOS) InSAR24

displacement and the computation of strain rate from InSAR.25

This textbook has been developed over the past two decades from a Space Geodesy26

class at Scripps Institution of Oceanography, as well as GMTSAR short courses at27

UNAVCO and EarthScope. Each chapter includes a set of exercises and solutions to28

highlight the important concepts.29

The algorithms described in the book are implemented in a computer software pack-30

age called GMTSAR, an open-source, InSAR processing system designed for users31

familiar with Generic Mapping Tools (GMT). While the book references this speci�c32

software, the content is also relevant to any modern InSAR processing system.33

The GMTSAR software was developed over a period of 25 years to create a geodeti-34

cally accurate, open-source InSAR processing system. Many individuals contributed35

to its development.36



CONTENTS 3

Howard Zebker (Stanford) provided the original FORTRAN code for the SAR pro-1

cessor. Evelyn Price (UCSD student) translated this code into C, simplifying it while2

keeping the SAR focusing algorithm unchanged. Price and Sandwell expanded this3

into a complete InSAR package by adding cross-correlation and phase modules. Paul4

Jamason (UCSD) wrote the preprocessors for ERS (CCRS and DPAF). Remko Sharro's5

(Delft University) getorb routines were used to compute precise orbits for proper focus,6

geolocation, and baseline estimation.7

The GIPS package, developed by Peter Ford (MIT), led to the creation of the SIOSAR8

system, which remained stable for 11 years. Sean Buckley (UT Austin) developed the9

Envisat preprocessor. In 2010, GIPS was replaced by GMT modules. Rob Mellors10

(San Diego State Univ.) developed the ALOS preprocessing code, later translated by11

Matt Wei (UCSD student) into the ERS and Envisat preprocessors. Mellors also wrote12

new software for image cross-correlation and Goldstein/Werner interferogram �ltering.13

Xiaopeng Tong (UCSD student) tested and re�ned the codes, removing some approxi-14

mations in SIOSAR. He also developed scripts for two-pass processing, stacking, and15

the time series (SBAS) C-code. The SNAPHU phase unwrapping C-code, written by16

Chen and Zebker (Stanford), is used without modi�cation.17

Paul Wessel (Univ. of Hawaii) enhanced GMT to process large binary tables and mod-18

i�ed all the code to interface with GMT routines during his sabbatical at Scripps in19

2013. He also developed code for kml output for Google Earth. GMTSAR uses the20

GMT routines blockmedian and surface, developed by Walter Smith and Paul Wessel21

(LDEO). These routines are central to GMTSAR algorithms for transforming between22

geographic and radar coordinates.23

Most recently, Xiaohua Xu (UCSD student) and Sandwell developed preprocessing and24

alignment codes for TOPS-mode interferometry, with assistance from Pablo Gonzalez25

(Leeds Univ., UK). Recent developments include InSAR corrections, GNSS integration26

by Katherine Guns, and common scene stacking by Katia Tymofyeyeva. Many users27

provided feedback and bug reports, helping to achieve a robust and stable software set.28

Funding for research algorithms and code development was provided by the NASA29

Earth Surface and Interior program. The NSF Cyberinfrastructure for Sustained Scien-30

ti�c Innovation program supported code testing, hardening, and documentation (e.g.,31

this book). EarthScope, formerly UNAVCO, supported GMTSAR short courses where32

lectures and homework problems were developed. Kahlid Soo� supported the project33

through funding from ConocoPhillips and by testing and developing the software. The34

National Geodetic Survey provided support for book development and open-access35

publication. The Scripps Institution of Oceanography/UCSD provided many years of36

salary support for Sandwell to develop and publish the book.37



Chapter 11

Introduction2

Synthetic Aperture Radar (SAR) Interferometry (InSAR) is an active remote sensing3

method that uses repeated radar scans of the Earth's solid surface to measure rela-4

tive deformation at cm precision over a wide swath. This method has revolutionized5

our understanding of the earthquake cycle, volcanic eruptions, landslides, glacier �ow,6

ice grounding lines, ground �uid injection/withdrawal, underground nuclear tests, and7

many other applications that require high spatial resolution measurements of ground8

deformation (Biggs and Wright, 2020;Joughin et al., 2010;Galloway and Ho� mann,9

2007; Wei, 2017). The most recent generation of InSAR satellites has transformed10

the method from investigating 10's to 100's of SAR images to processing 1000's and11

10,000's of images using a wide range of computer facilities. This transformation was12

largely driven by the Sentinel-1 mission, which was designed for InSAR time series13

analysis. There are a number of excellent review papers on this topic ranging from14

InSAR overviews (e.g.,Massonnet and Feigl(1998);Bürgmann et al.(2000)) to de-15

tailed mathematical descriptions of the measurement and associated errors (Rosen et al.16

(2000);Simons and Rosen(2007, 2015);Franceschetti and Lanari(2018)).17

The focus of this book is to provide the basic physical principles of the method as18

well as the mathematical model and algorithms used in InSAR processing. These al-19

gorithms are implemented in a computer software package called GMTSAR – an open20

source (GNU General Public License) InSAR processing system designed for users21

familiar with Generic Mapping Tools (GMT–(Wessel et al., 2019)). Although the book22

refers to this particular software, it is also relevant to other modern InSAR processing23

systems (e.g., ISCE–(Rosen et al., 2012), GAMMA–(Wegnüller et al., 2016), SNAP).24

This book has been developed over the past 25 years from a Space Geodesy class at25

Scripps Institution of Oceanography as well as GMTSAR short courses at UNAVCO26

and EarthScope. Each chapter has a set of problems and solutions to highlight the27

important concepts. In addition, we will answer 16 basic questions related to InSAR28

including:29

4



CHAPTER 1. INTRODUCTION 5

1. What are the 6 main categories of satellite remote sensing and why is active1

remote sensing at microwave wavelengths (2.5 cm – 25 cm) best for measuring2

Earth deformation? (Section 1.2)3

2. Why are SAR antennas typically 10 m long in the along-track direction and 1–4

2 m wide in the cross-track direction? (Section 2.3)5

3. What factors control the spatial resolution of a SAR image? (Sections 2.4)6

4. What factors limit the width of a SAR swath? (Section 2.5)7

5. What are the typical orbital characteristics (e.g., altitude, speed, repeat cycle) of8

an InSAR satellite and why? (Section 3.2)9

6. A C-band SAR operates at 5 GHz carrier frequency. Why can the full-resolution10

radar data be recorded at a much lower rate of perhaps 15 MHz? (Section 4.2)11

7. How is the raw SAR data focused by a computer to obtain a high spatial resolu-12

tion image of amplitude and phase? (Chapter 4)13

8. What orbit accuracy is needed to achieve an optimally-focused SAR image?14

(Sections 4.5 and 4.6)15

9. How is an interferogram constructed from repeated SAR images and what are16

the main contributions to the phase? (Sections 5.1 and 5.2)17

10. How close in space does the repeat orbit need to match the reference orbit to18

achieve high correlation and good phase recovery? (Section 5.5)19

11. How does decorrelation depend on radar wavelength, and surface properties?20

(Section 6.2)21

12. What is the best way to detect phase unwrapping errors? (Section 7.5)22

13. What are the three main methods for achieving wide swath InSAR? (Chapter 8)23

14. What are the main sources of error in most interferograms? (Chapter 9)24

15. How can one construct an InSAR time series using existing freely-open data25

sets? (Chapter 10)26

16. How can a scalar InSAR time series be integrated with a vector GNSS time27

series? (Chapter 11)28

The processing details associated with the last two question are addressed in a com-29

panion book entitled - Satellite Radar Interferometry: Application – GMTSAR . This30

book mainly covers the theoretical aspects of InSAR. We will begin with a very brief31

overview of satellite remote sensing to answer the �rst question.32



CHAPTER 1. INTRODUCTION 6

1.1 Essential Ingredients for Satellite Remote Sensing1

Satellite remote sensing of the surface of the Earth relies on 4 essential ingredients:2

First, there must be a source of electromagnetic (EM) radiation. This could be passive3

radiation (Figure 1.1) from re�ected sunlight, which peaks in the visible part of the4

spectrum (red curve), or passive radiation from the Earth's thermal emissions which5

peaks in the thermal infrared part of the spectrum (blue curve). An alternate radiation6

source is for the satellite to illuminate the Earth using an active sensor. While this7

requires signi�cant power to generate the EM signal, the amplitude and phase of the8

source can be well controlled so one can measure the round-trip travel time of the pulse.9

Figure 1.1: Blackbody radiation curves for a temperature of 5800 K corresponding to
the Sun and 290 K roughly corresponding to the Earth. The peak in the solar radiation
(scaled by 10� 6 ) is centered on the visible part of the spectrum between 400 and 800
nanometers. The peak in the Earth's thermal radiation occurs in the thermal infrared
(TIR) between 3 and 15 micrometers.
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Second, the EM radiation must be able to pass through the Earth's atmosphere. As1

shown in Figure 1.2 there are three main windows in the visible (shaded red), thermal2

infrared (TIR - shaded blue), and the microwave region (shaded green).3

Figure 1.2: Percent transmission of EM waves through the Earth's atmosphere as a
function of wavelength. There are three main windows where the atmosphere is mostly
transparent. They are the visible (shaded red) centered at 0.5 micrometer, the thermal
infrared (shaded blue) centered at 8 micrometers with prominent windows at 3.5 and 10
micrometers, and the microwave (shaded green) at wavelengths between 0.6 cm an 30
cm. Note that EM waves at wavelengths greater than about 30 cm are strongly distorted
and re�ected by the ionosphere. The microwave region has bands noted by letters. The
most common bands for radar interferometry are X, C, S, and L. The K-band is mainly
used for radar altimetry and microwave radiometry.

Third, there needs to be a satellite in space to collect the EM signals, digitize the sig-4

nals, and transmit the data back to Earth. The satellite must be in orbit around the Earth5

so the inward force of gravity must be equal to the outward centrifugal force. A vari-6

ety of possible orbits are discussed in Chapter 3. One can tune the orbit and platform7

characteristics to vary altitude, speed, revisit time, phase of the orbit plane with respect8

to solar illumination or lunar/solar tides, and platform orientation (yaw, pitch and roll).9

10

Fourth, there must be a computer and software (e.g., GMTSAR) to ingest the down-11

linked imagery/orbital information and construct maps of surface re�ectance and de-12

formation.13

14



CHAPTER 1. INTRODUCTION 8

1.2 Main Categories of Satellite Remote Sensing1

Based on these constraints there are roughly 6 possible categories of Earth remote2

sensing instruments (i.e., 3 atmospheric windows and 2 modes — passive or active).3

These categories include:4

The �rst type of passive sensor is an electro-optical instrument that operates in the vis-5

ible part of the spectrum and uses cameras to construct imagery. A typical sensor is6

LANDSAT-7. The satellite was placed into a Sun-synchronous orbit having an inclina-7

tion of 98.2 degrees and an altitude of 705 km. This 7th LANDSAT had 8 bands com-8

prising 6 bands in the visible and near infrared with 30 m spatial resolution, a thermal9

infrared band with 60 m spatial resolution and a panchromatic band with 15 m spatial10

resolution. These electro-optical sensors are usually placed into a Sun-synchronous or-11

bit to provide relatively constant Sun illumination for each ascending (or descending)12

over�ight. Very high spatial resolution optical sensors can measure sharp horizontal13

variations in surface deformation at a precision of about one tenth of a pixel size using14

cross-correlation methods on repeated images and these data are highly complementary15

to deformation measurements with InSAR (e.g.,Avouac et al.(2006);Milliner et al.16

(2015)).17

The second type of passive sensor is a thermal infrared (TIR) camera using the atmo-18

spheric window between 8 and 15 micrometers. The TIR camera measures thermal19

emissions from land or ocean surface which can be used to infer surface temperature20

(e.g.,McClain et al.(1985);Donlon et al.(2012)). These TIR cameras do not need21

to be in Sun-synchronous orbits and the acquisitions are designed to avoid specular22

re�ections of solar radiation.23

The third type of passive sensor is a microwave radiometer. This instrument uses the24

highly transparent window in the microwave part of the EM spectrum (1 cm -– 30 cm)25

to measure thermal emissions from the land (e.g.,Reichle et al.(2007)) or ocean (e.g.,26

Chelton and Wentz(2005)). Since they operate at wavelengths much longer than the27

� 10 micrometer peak in the blackbody radian spectrum from the Earth at 290 K, they28

must stare at the surface for a relatively long time (� 0.1 s) to gather enough indepen-29

dent looks to achieve an accurate measurement of temperature. Moreover, since they30

operate at this relatively long wavelength� , a large antenna diameterD is needed to31

achieve a useful angular resolution� r . In Chapter 2 we develop the Fraunhofer di� rac-32

tion resolution sin(� a) = 1:22�= D to illustrate the pronounced resolution di� erences33

between short-wavelength optical systems (� =� 0.5 micrometers) and longer wave-34

length microwave systems (� =� 50 mm).35

The fourth sensor is an active laser altimeter that can be used to measure topogra-36

phy of a wide range of surfaces including ocean, ice, land, vegetation, and buildings.37

The atmosphere is sometimes opaque over the visible part of the spectrum because of38

clouds. The lidar can measure distances very accurately by sending a sharp pulse of39

light and measuring the two-way travel time of the re�ected pulse. Monitoring changes40
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in ocean ice and continent ice thickness are two of the most important applications of1

this methodMarkus et al.(2017).2

The �fth sensor is an active radar altimeter that is best for measuring the topogra-3

phy of the ocean surface and changes in sea surface height due to a wide range of4

oceanographic processesFu and Cazenave(2000). As we will dicuss in Chapter 2, the5

beam-limited footprint of a radar altimeter is 10's of km in diameter. To reduce the6

diameter of the footprint, the radar emits a sharp pulse having a spherical wavefront.7

The radar measures the 2-way travel time of the leading edge of the pulse which cor-8

responds to the closest re�ector from the satellite. Over the ocean this is also thenadir9

point as well as the zero-Doppler shift point. In practice, it is di� cult to send a very10

sharp radar pulse so the radar emits a rather long frequency-modulated chirp that re-11

�ects from the ocean and returns to the sensor. A sharp pulse is formed after reception12

by deconvolving the return chirp with a replica of the outgoing chirp.13

The sixth sensor is an active radar that sends pulses of microwave energy to the side14

of the sub-satellite ground track (e.g.,Curlander and McDonough(1991)) as shown in15

Figure 1.3. Like a radar altimeter, these pulses have broad spherical wavefronts that16

re�ect o� a large ellipsoidalfootprint forming a wideswath. The �rst re�ections come17

from thenear rangeedge of the swath. The pulse sweeps across the swath to thefar18

rangeedge of the swath.19

The data collected by this side-looking radar have very poor spatial resolution related20

to the large size of the footprint. In the next few chapters we will describe how these21

data are focussed �rst in the range direction and then in the azimuth direction using a22

synthetic aperture method (SAR). This is a good place to note that the raw SAR data23

come as a 2-D array of numbers. The rows of the �le correspond to therangedirection24

marked by the red arrow in Figure 1.3. The columns in the �le correspond to the along-25

track direction of the satellite which is also calledazimuthmarked by the green arrow26

in Figure 1.3. The data are equally spaced in time in both dimensions. The time spacing27

in the range direction is 1/range sampling rate. If the range cells are� � = 5 meters28

then the range sampling rate� t = c=(2 � � � ) = 30 MHz, wherec is the speed of light.29

This dimension is also calledfast timebecause of the high sampling rate. The sampling30

rate in the azimuth direction, also called thepulse repetition frequency(PRF) , is much31

lower at� 1500 Hz; This dimension is calledslow time. In Chapter 2 we will discuss32

how these sampling rates are related to the resolution of the SAR image as well as the33

velocity of the spacecraft, and the length of the antenna.34
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Figure 1.3: Schematic diagram of a SAR satellite in orbit. The SAR antenna has its
long axis in the �ight direction (also called theazimuthdirection) and the short axis
in the range direction. The radar sends pulses to one side of theground trackthat
illuminate the Earth over a large elliptical footprint. The re�ected energy returns to the
radar where it is recorded as a function offast timein the range direction andslow time
in the azimuth direction.



Chapter 21

Principles of Synthetic Aperture2

Radar3

2.1 Introduction4

Synthetic aperture radar (SAR) satellites collect swaths of side-looking echoes at a suf-5

�ciently high range resolution and along-track sampling rate to form high resolution6

imagery (see Figure 1.3). These notes are derived from excellent books byCurlander7

and McDonough(1991),Elachi and Van Zyl(2021) andElachi(1988). As discussed in8

this chapter, therange resolutionof the raw radar data is determined by thepulse length9

and theincidence angle. For real aperture radar, the along-track orazimuthresolution10

of the outgoing microwave pulse is di� raction limited to an angle corresponding to the11

wavelength of the radar (e.g. 0.05 m) divided by the length of the aperture (e.g. 1012

m). When this beam pattern is projected onto the surface of the Earth at a range of say13

850 km, it illuminates 8000 m in the along-track dimension so the raw radar data are14

horribly out of focus in azimuth. Using the synthetic aperture method, the image can15

be focused on a point re�ector on the ground by coherently summing thousands of con-16

secutive echoes thus creating a synthetic aperture perhaps 5000 m long. Proper focus17

is achieved by summing the complex numbers along a constant range (Chapter 4). The18

focused image contains bothamplitude(backscatter) andphase(range) information for19

each resolution cell or pixel.20

21

11
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2.2 Fraunhofer Di� raction1

To understand why a synthetic aperture is needed for microwave imaging from orbital2

altitude, one must understand the concepts of di� raction and resolution. Consider the3

projection pattern of coherent radiation after it passes through anaperture. First we'll4

consider a 1-D aperture and then go on to a 2-D rectangular aperture to simulate a rect-5

angular SAR antenna. The 2-D case provides the shape and dimension of the footprint6

of the radar. Although we will develop the resolution characteristics of apertures as7

transmitters of radiation, the resolution characteristics are exactly the same when the8

aperture is used to receive radiation. These notes were developed fromRees(2001)9

andBracewell(1978).10

11

Figure 2.1: (upper) Geometric diagram for the projection of coherent waves on a screen
that is far from the aperture of lengthL. (lower) Image of coherent waves passing
through a slit (aperture) in a wall.
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We simulatecoherent radiationby point sources of radiation distributed along the aper-1

ture between� L=2 andL=2 (Figure 2.1). For simplicity we'll assume all the sources2

have the same amplitudea, wavelength� , and phase. Given these sources of radiation,3

we solve for the illumination pattern on the screen as a function of� . We'll assume4

that the screen is far enough from the aperture so that raysAP andOP are parallel.5

Later we'll determine how far away the screen needs to be in order for this approxi-6

mation to hold. Under these conditions, the rayAP is slightly shorter than the rayOP7

by an amount� ysin� . This corresponds to a phase shift of� 2�
� ysin� . The amplitude8

of the illumination at pointP is the integral over all of the sources along the aperture9

multiplied by their complex phase value10

P(� ) =
Z L=2

� L=2
a(y)e� i2� yksin� dy (2.1)

where the wavenumberk = 1=� . This is called the Fraunhofer di� raction integral.11

The illumination across the aperture is uniform in both amplitude and phase so we set12

a(y) = 1. Now lets = 2� ksin� so the integral is easy to evaluate13

P(s) =
Z L=2

� L=2
e� isy dy =

e� isL=2 � eisL=2

� is
=

2
s

sin(sL=2) = L sinc(sL=2) (2.2)

Replacingswith 2� sin�=� we arrive at the �nal result14

P(� ) = L sinc
 
L� sin�

�

!
(2.3)

The illumination pattern on the screen is shown in Figure 2.2.15

Figure 2.2: Sinc function illumination pattern for the aperture shown in Figure 2.1.

The �rst zero crossing, orangular resolution� a, of the sinc function occurs when the16

argument is� so17
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sin� a =
�
L

: (2.4)

You should remember this formula. Note for small angles� a � �
L and tan� a � sin� a.1

Note that one could modify the screen illumination by changing the strength of the2

illumination across the aperture. For example, a theoretical Gaussian aperture would3

produce a Gaussian illumination function on the screen. This would eliminate the4

sidelobesassociated with the sinc function but it would also broaden the projection5

pattern. In addition, one could vary the phase along the aperture to shift the point of6

maximum illumination away from� = 0. Such a phased array aperture is used in some7

radar systems to continuously illuminate a feature as the satellite passed over it. This8

is calledspotlight modeSAR and it is a favorite technique for military reconnaissance.9

One can perform the same type of analysis with any 2-D aperture; many analytic ex-10

amples are given in Figure 12.4 fromBracewell(1978). For a circular aperture, the11

angular resolution given by12

sin� a = 1:22�
L : (2.5)

First consider a radar altimeter which orbits the Earth at an altitude of 800 km and13

illuminates the ocean surface with a 1-m diameter parabolic dish antenna operating14

at Ku band (13:5 GHz, � = 0:022m) (Figure 2.3). The diameter of the beam-limited15

footprint on the ocean surface isDs = 2H tan� a � 2:44H �
D or in this case 43 km.16

Figure 2.3: Beam-limited footprintDs of a circular aperture (radar altimeter or optical
telescope) at an altitude ofH.
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Next consider an optical system with the same 1 m diameter aperture and at the same1

altitude, but operating at a wavelength of� = 5 � 10� 7 m, has a footprint diameter of2

0.97 m. The Hubble space telescope reports an angular resolution of 0.5 microradian,3

which corresponds to an e� ective aperture of 1.27 m. Thus a 1-m ground resolution is4

possible for optical systems while the same size aperture operating in the microwave5

part of the spectrum has a 44,000 times worse resolution. Achieving high angular reso-6

lution for a microwave system will require a major increase in the size of the aperture.7

Before moving on to the 2-D case, we should check the assumption used in developing8

the Fraunhofer di� raction integral that the raysAP andOP are parallel. Suppose we9

examine the case when� = 0; the ray pathAP is slightly longer thanOP (Figure 2.4).10

This parallel-ray assumption breaks down when the phase of ray pathAP is more than11

�=2 radians longer thanOP which corresponds to a distance of�
4 . The condition that12

the path length di� erence is smaller than 1=4 wavelength is13

h
L2

4 + z2
i 1

2 � z < �
4 (2.6)

or it can be rewritten as14 � �
L
2z

�2
+ 1

� 1
2

� 1 < �
4z (2.7)

Figure 2.4: Diagram showing the increased length of path AP with respect to OP due
to an o� set ofL=2.

Now assumeL � zso we can expand the term in bracket in a binomial series.15

1 + L2

8z2 � 1 < �
4z (2.8)

and we �nd16

zf >
L2

2�
(2.9)

wherezf is theFresnel distance. So whenz < zf we are in the near �eld and we need17

to use a more rigorous di� raction theory. However whenz � zf we are safe to use the18
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parallel-ray approximation and the Fraunhofer di� raction integral is appropriate. Next1

consider some examples:2

Radar altimeter: L= 1 m; � = 0:022 m zf = 23 m

At an orbital altitude of 800 km the parallel-ray approximation is valid. In contrast, an3

optical system with an orbital altitude of 800 km will require near-�eld optics.4

Optical telescope: L= 1 m; � = 5 � 10� 7 m zf = 1000 km:

What about a synthetic aperture radar (discussed below) such as ERS with a 4000 m5

long synthetic aperture?6

ERS SAR: L= 4000 m; � = 0:058 m zf = 140;000 km:

Thus near-�eld optics are also required to achieve full SAR resolution for ERS. This7

near-�eld correction is done in the SAR processor by performing a step calledrange8

migrationand it is a large factor in making SAR processing so CPU-intensive. This is9

discussed in Chapter 4.10

2.3 2–D Aperture11

A 2-D rectangular aperture is a good approximation to a typical spaceborne strip-mode12

SAR. The aperture is longer in the �ight direction (lengthL) than in the �ight perpen-13

dicular direction (widthW) as shown in Figure 2.5. As in the 1-D case, one uses a 2-D14

Fraunhofer di� raction integral to calculate the projection pattern of the antenna. The15

integral is16

P
�
� x; � y

�
=

Z L=2

� L=2

Z W=2

� W=2
a(x; y) exp

h
i 2�

�

�
xsin� x + ysin� y

�i
dx dy (2.10)

where� is the wavelength of the radar. As in the 1-D case we'll assume the aperture17

a(x; y) has uniform amplitude and phase. In this case the projection pattern can be18

integrated analytically as19

P
�
� x; � y

�
= LWsinc

 
� Wsin� x

�

!
sinc

 
� L sin� y

�

!
: (2.11)

The �rst zero crossing of this 2-D sinc function is illustrated in Figure 2.5 (right).20
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Figure 2.5: Diagram showing the projection pattern (right) for a rectangular SAR an-
tenna (left).

The ERS radar has a wavelength of 0.05 m, an antenna lengthL of 10 m, and an antenna1

width W of 1 m. For a nominal look angle of 23� the slant range� is 850 km. The2

footprint of the radar has an along-track dimensionDa = 2��= L, which is 8.5 km. As3

discussed below this is approximately the length of the synthetic aperture used in the4

SAR processor. The footprint in the range direction is 10 times larger or about 85 km.5

The is approximately the width of a SAR swath.6

2.4 Range and Azimuth Resolution7

The radar emits a short pulse that re�ects o� the surface of the Earth and returns to the8

antenna. The amplitude versus time of the return pulse is a recording of the re�ectivity9

of the surface. If adjacent re�ectors appear as two distinct peaks in the return waveform10

then they are resolved in range. The nominalslant range resolutionis � � = c�=211

where� is the pulse length,c is the speed of light and� is the look angle. The factor12

of 2 accounts for the 2-way travel time of the pulse. Figure 2.6 shows how theground13

range resolutionis geometrically related to the slant range resolution14

Rr =
c�

2 sin�
: (2.12)
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Figure 2.6: Diagram of radar �ying into the page emitting a pulse of length� . That
re�ects from two points on the surface of the Earth.

Note the ground range resolution is in�nite for vertical look angle and improves as1

look angle increases. Also note that the range resolution isindependent of the heightof2

the spacecraftH. We will show in Chapter 4.4, the range resolution can be improved3

by increasing thebandwidthof the radar after range compression. Usually the radar4

bandwidth is a small fraction of the carrier frequency so shorter wavelength radar does5

not necessarily enable higher range resolution. In many cases the bandwidth of the6

radar is limited by the speed at which the data can be transmitted from the satellite to a7

ground station.8

To understand theazimuth resolution, consider a single point re�ector on the ground9

that is illuminated as the radar passes overhead (Figure 2.7). From the Fraunhofer10

di� raction analysis we know the length of the illumination (twice the angular resolu-11

tion) is related to the wavelength of the radar divided by the length of the antenna. As12

discussed above the along-track dimension of the ERS footprint is 8.5 km so the nom-13

inal resolutionRa is 4.25 km, which is very poor. This is the azimuth resolution of the14

real-aperture radar15

Ra = � tan� a �
��
L

=
� H

L cos�
(2.13)

whereL is the length of radar antenna,� is the slant range,� is the wavelength of the16

radar,H is the height of the space scraft, and� is the look angle.17
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Figure 2.7: Top view of SAR antenna imaging a point re�ector. The re�ector remains
within the illumination pattern over the real aperture length of 2Ra.

If the scatterer on the ground remains stationary as the satellite passes overhead, then1

one can assemble asynthetic aperturewith a length equal to the along-track beamwidth2

of length which is 2Ra. This much longer aperture of 8:5 km results in a dramatic3

improvement in azimuth resolution given by4

R
0

a =
��
2Ra

=
L
2

(2.14)

which is the theoretical resolution of astrip-modeSAR. Note the synthetic aperture5

azimuth resolution isindependent of spacecraft heightand improves as the antenna6

length isreduced. One could form a longer synthetic aperture by steering the transmit-7

ted radar beam so it follows the target as the spacecraft (aircraft) �ies by. This is called8

spotlight-modeSAR.9

2.5 Constraints on Pulse Repetition Frequency10

The discussion above suggests that we should make the antenna lengthL as short as11

possible to improve azimuth resolution. However, to form a complete aperture without12

aliasing shorter wavelengths into longer wavelengths, we must pulse the radar at an13

along-track distance ofL=2 or shorter. To understand why such a rapid pulse rate14

is necessary, consider the maximumDoppler shiftfrom a point that is illuminated at15

a maximum distance ahead of the radar (Figure 2.8), where the carrier frequency is16

vo = c=� andV is the velocity of spacecraft relative to the ground.17
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Figure 2.8: Diagram showing the angle between broadside to the antenna and the point
where a re�ector �rst enters the illumination of the antenna.

The maximum Doppler shift occurs at a maximum angle of1

sin� a =
�
L

� � = 2� o
V
c sin� a =

2c
�

V
c

�
L

=
2V
L

(2.15)

This corresponds to a maximum along-track distance between samples ofL=2. For2

ERS, this corresponds to a minimum pulse repetition frequency (PRF) of 1400 Hz.3

The actual ERS PRF is 1680 Hz .4

When the PRF is too large, the return pulses from thenear rangeandfar rangecan5

overlap in time as shown in Figure 2.9 .6

Figure 2.9: End view of the distance to the near range and far range of the radar illu-
mination pattern.
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PRF <
1

t2 � t1

t1 =
2H

ccos� 1
t2 =

2H
ccos� 2

� t =
2H
c

(sec� 2 � sec� 1)

2V
L

< PRF <
c

2H
(sec� 2 � sec� 1)� 1

(2.16)

Take the ERS satellite as an example, the look angles to the rear range and far range1

are 18� and 24� , respectively. Thus the maximum PRF is 4777 Hz. The actual PRF2

of 1680 is safely below this value and the real limitation is imposed by the speed of3

the data link from the spacecraft to the ground. A wider swath or a higher PRF would4

require a faster data link than is possible using a normal X-band communication link5

of 105 Mbps.6

2.6 Problems7

1. What is the illumination pattern for an aperture with a sign reversal at its center?8

What isP(0)? Is the function real or imaginary? Is the function symmetric or9

asymmetric?10

The aperture is11

a(y) =

8
>>>>>>><
>>>>>>>:

0 jyj > L
2

1 0 < y � L
2

� 1 � L
2 � y < 0

2. (a) What is the illumination pattern for the aperture below?12

(b) What is the illumination pattern in the limit asL1 approachesL2?13
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3. What is the theoretical azimuth resolution of a spotlight-mode SAR, with wave-1

length� and heightH, that can illuminate the target over a 10� angle as shown2

in the diagram below?3

4. Derive the projection pattern for a 2-D rectangular aperture of lengthL and width4

W given in equation (2.11).5

5. What is the ground-range resolution of side-looking radar with a pulse length of6

6 � 10� 8s and a look angle of 45� ?7

6. (a) What is the period for a satellite in a circular orbit about the Moon where8

the radius of the orbit is 1:9 � 106 m? (see Chapter 3, equation 3.2.) The9

mass of the Moon is 7:34� 1022 kg.10

(b) You are developing a SAR mission for the Moon. The length of your SAR11

antenna is 10 m. What minimum pulse repetition frequency is needed to12

form a complete aperture? The circumference of the Moon is 1:1 � 107 m.13

You will need the orbital period from problem (a).14

7. Derive equation (2.14).15
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8. A SAR with a 10 m long antenna is orbiting the Earth with a ground speed of1

7000 ms� 1. What is the maximum possible swath width. Use a look angle to the2

near range of 45� and assume the Earth is �at.3

9. CryoSat is a nadir-looking altimeter (Ku-band,� = 2.2 cm) which orbits the4

Earth at an altitude of 700 km resulting in a ground-track velocity of 7000 m/s.5

The radar uses a burst-mode synthetic aperture to reduce the length of the radar6

footprint in the along-track direction. Each burst has 64 echoes and a pulse rep-7

etition frequency of 18 kHz. What is the along-track resolution of the footprint?8

What is the Fresnel distance for this con�guration ?9



Chapter 31

Satellite Orbits2

3.1 Introduction3

As discussed in the introduction and in Chapter 5, InSAR can measure surface defor-4

mation to a fraction of the radar wavelength of 10–20 mm. This involves two basic5

measurements which are equally important and should ideally have similar accuracy.6

The �rst is the range between the satellite and a re�ector on the surface of the Earth7

which is measured from the 2-way travel time of the radar waves. The second is the8

position of the satellite with respect to an Earth-�xed coordinate system. The precise9

trajectory of the satellite is computed using GNSS and laser tracking systems combined10

with satellite orbit dynamic calculations (e.g.,Teunissen and Montenbruck(2017)).11

This precise orbit is used in 4 areas of the InSAR processing discussed later in this12

chapter: proper focus of the SAR image; projection of the reference topography from13

geographic to radar coordinates (i.e.back projection); alignment of the reference and14

repeat SAR images; and �attening of the interferogram. These are the 4 main steps of15

traditional InSAR processing. Newer approach uses the orbit to directly focus the SAR16

image onto a reference Earth topography, which is known asgeocoded single look com-17

plex(SLC) processing as discussed in Section 5.10. These approaches rely on precise18

orbits having accuracies of a few centimeters. This orbital information is provided with19

the SAR data as astate vectorwhich consists of the Cartesian positionx and velocityv20

of the satellite as a function of time. The 6-element state vectors are provided at regular21

intervals at sub-mm precision (Table 3.1). Later in this chapter we describe how the22

discrete state vectors are interpolated in time using a Hermite polynomial interpolator.23

This interpolation is at the core of any InSAR processing system.24

However, before diving into the largely opaque numerical orbit calculations, it is worth25

reviewing some basic orbit geometry and dynamics. As shown in Figure 3.1 there are26

24
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year day seconds X (m) Y (m) Z(m) Vx(m/s) Vy(m/s) Vz(m/s)
2015 145 6334.00 -3254984.5766 -5923132.6241 2088724.6473 -350.947452 2705.794737 7091.076582
2015 145 6344.00 -3258291.5669 -5895740.5804 2159516.0837 -310.428195 2772.553006 7067.077378
2015 145 6354.00 -3261192.7003 -5867682.7971 2230063.5333 -269.776909 2838.941373 7042.279672
2015 145 6364.00 -3263686.6821 -5838963.0117 2300359.0251 -228.998736 2904.952133 7016.686286
2015 145 6374.00 -3265772.2692 -5809585.0386 2370394.6167 -188.098844 2970.577632 6990.300137
2015 145 6384.00 -3267448.2704 -5779552.7686 2440162.3955 -147.082425 3035.810270 6963.124233
2015 145 6394.00 -3268713.5465 -5748870.1679 2509654.4793 -105.954694 3100.642499 6935.161670
2015 145 6404.00 -3269567.0106 -5717541.2783 2578863.0174 -64.720890 3165.066825 6906.415639
2015 145 6414.00 -3270007.6282 -5685570.2159 2647780.1916 -23.386274 3229.075810 6876.889419
2015 145 6424.00 -3270034.4175 -5652961.1712 2716398.2166 18.043873 3292.662073 6846.586380
2015 145 6434.00 -3269646.4498 -5619718.4079 2784709.3415 59.564247 3355.818288 6815.509981
2015 145 6444.00 -3268842.8494 -5585846.2631 2852705.8503 101.169526 3418.537188 6783.663770

Table 3.1: Example state vectors for the Sentinel-1 satellite (*.LED in GMTSAR) .

two basic types of satellite orbits callednear polarandgeostationary. Near polar orbits1

are commonly used for remote sensing applications. They have altitudes of between2

400–1500 km above the surface of the Earth. The orbit plane is inclined with respect3

to the equatorial plane of the Earth to achieve near polar coverage. As discussed in4

the simple force balance calculation below, these satellites complete one orbit in about5

6000 seconds so their ground-track speed is about 6.7 km/s. The equatorial bulge of the6

Earth causes the orbit plane to precess like a top. The rate of precession can be adjusted7

to achieve a particular orbit repeat cycle or maintain a constant Sun illumination. The8

Sun-synchronous orbit(discussed below) is used by optical remote sensing satellites to9

maintain a constant Sun illumination direction. Satellites in geostationary orbit have10

an orbital period of onesidereal day(86164 s) which requires a much larger orbital11

radius of 42,000 km. These satellites remain �xed at a particular longitude above the12

Earth's equator and are used mainly for communications as well as to track large-scale13

weather patterns. InSAR satellites are usually placed at low altitudes of� 700 km and14

have high inclinations for near full Earth coverage.15



CHAPTER 3. SATELLITE ORBITS 26

Figure 3.1: (upper) The two most common types of orbits used for satellite remote
sensing (near polar) and communications (geostationary). (lower) A Sun-synchronous
orbit has a precession rate of one year to maintain a constant Sun illumination for
optical sensors.

3.2 Kepler Elements1

As discussed above, the trajectory of a satellite can be most accurately described by2

a time series of state vectors having 3 position elements and 3 velocity elements. A3
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second way of describing the satellite orbit is through 6 Kepler elements (Kaula, 2013).1

The geometry of a satellite in an elliptical orbit around the Earth is shown in Figure 3.2.2

Figure 3.2: Diagram of a satelliteS in an elliptical orbit around the EarthE.

The important parameters of the elliptical orbit are:3

S – satellite4

E – Earth5

A – apogee6

P – perigee7

� – true anomaly (instantaneous angle from satellite to perigee)8

a – semimajor axis9

b – semiminor axis10

e– eccentricity11

wheree2 = a2� b2

a2 .12

Note they are not all independent so, for example, the semiminor access can be replaced13

by the eccentricity parameter. Three of these parameters� , a, andeare Kepler elements14

describing the size and shape of the orbit.15

Kaula (2013) solves the general force balance for a particle of negligible mass in orbit16

about a large point massM. He shows that the orbit follows an ellipse where the17

angular momentumr2 d�
dt remains constant. This is Kepler's second law. The shape of18

the ellipse and the orbital radius versus the true anomaly are19
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� 2

a2
+

� 2

b2
= 1 ) r (� ) =

a
�
1 � e2

�

1 + ecos�
(3.1)

For an elliptical orbit about a point mass, the orbit frequency is given by1

! s =
� GM

a3

� 1=2

(3.2)

and the period of the orbit isTs = 2�
! s

whereGM
�
3:98::: � 1014m3s� 2

�
, the gravita-2

tional constant times the mass of the Earth, is one of the most accurately determined3

constants in Earth science. We can check this result for the simple case of a circular4

orbit. Consider a force balance on a small massm orbiting the Earth (Figure 3.3). The5

inward directed force of gravity isFg = mGM
a2 while the outward directed centrifugal6

force isFc = mV2

a = ma! 2
s whereV is the velocity of the satellite.7

Figure 3.3: Force balance diagram of a small satellite of massm in orbit about the
Earth with a much larger massM

Equating these forces we �nd! s =
�

GM
a3

�1=2
. Note that the orbital frequency decreases8

with increasing orbit radiusa. A typical polar orbiting satellite has an altitude of 7009

km so an orbital radius of 7071 km and an orbit period of 5921 s. The circumference10

of the Earth is about 40,000 km so the ground track speed of this satellite is 6.75 km/s.11

A satellite in a higher orbit of 1500 km has a ground track speed of 5.8 km/s. As12

discussed in Chapter 2, this nominal velocity of� 6 km/s places a lower bound on the13

pulse repetition frequency of 2V=L or 1200 Hz for a 10 m long antenna.14

A geosynchronous satellite orbits the Earth in one sidereal day (86164 s – the rotation15

period in an inertial frame) so must have an orbital radius of 42,000 km.16
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Figure 3.4 shows the elliptical satellite orbit placed in an Earth-centered, quasi-inertial1

coordinate system where thez–axis points toward the north pole, thex–axis points2

toward the Sun and they–axis is 90o east along the equatorial plane of the Earth. The3

orientation of the elliptical orbit plane in this system is de�ned by three angles which4

are three additional Kepler elements. They are the inclination of the orbit plane with5

respect to the equatorial plane of the Earth (i–inclination), the longitude of the point6

where the ascending orbit crosses the equatorial plane of the Earth (
 –longitude of7

node), and the angle between the ascending crossing point (node) and perigee (! –8

argument of perigee). In summary, a complete description of an ideal elliptical orbit is9

described by 6 Kepler elements:10

� – true anomaly (instaneous angle from satellite to perigee)11

! – argument of perigee12


 – longitude of node13

a – semimajor axis14

e– eccentricity15

i – inclination.16

17

Figure 3.4: Diagram of the elliptical orbit in a quazi-inertial coordinate system.
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3.3 Precession of the Orbit Plane1

Because the Earth rotates, it is not spherical and is better described by an oblate ellipse2

(spheroid). A more precise description of the Earth's gravity potential �eld is3

V (r; � ) =
� GM

r

"
1 � J2

a2
e

2r2

�
3sin2� � 1

�#
(3.3)

where:4

� – latitude5

ae – equatorial radius6

J2 – dynamic form factor= 1:08� 10� 3.7

8

The dynamic form factor re�ects the extra mass on the equatorial bulge of the Earth.9

The gravitational attraction of an oblate spheroid has two e� ects on the orbit. First it10

decreases the orbit frequency (increases the period). Second it causes the orbit plane to11

precess with respect to the inertial frame. The precession occurs because the equatorial12

bulge of the gravity �eld exerts a torque on the angular momentum vector of the orbit13

plane (Figure 3.5).14

Figure 3.5: Satellite of massm orbiting the Earth at an inclinationi. The orbit has an
angular momentum vectorL perpendicular to the orbital plane. The� component of
the gravity vector applies a torque to the orbit, causing a retrograde precession of the
angular momentum vector and thus a precession of the orbital plane.
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For a circular orbit, the precession frequency is given by1

! n

! s
= �

3J2

2

� ae

a

� 2
cosi =

Ts

Tn
(3.4)

where:2

! n = 2�
Tn

– precession frequency and periodTn3

! s = 2�
Ts

– satellite orbit frequency and orbit period4

ae – equatorial radius5

a – orbital radius6

J2 – dynamic form factor= 1:08� 10� 3
7

i – inclination of satellite orbital plane.8

9

Note the precession is retrograde for 0< i < 90o and prograde fori > 90o . Below we10

discuss how the orbit inclination and orbit radius can be adjusted so the precession is11

prograde and has a period of exactly 1 year.12

3.4 Ground Track of Circular Orbit13

(These Sections 3.4 through 3.6.6 are optional reading.) In many remote sensing ap-14

plications we would like to predict the path traced by the subsatellite point along the15

surface of the Earth (Figure 3.6). This could be accomplished by running an orbit sim-16

ulation program. However, in many cases one only needs to know the approximate17

location or velocity of the satellite. Two applications include:18

a) Suppose you know the basic orbit parameters (Kepler elements) of a LANDSAT-19

type satellite and you want to know how long it will take before the satellite is over20

your target area.21

b) You have satellite altimeter pro�les and you know the longitudes of their equator22

crossings. Given an equator crossing you would like to know if the track intersects a23

particular area; this can be used to design an e� cient way to search pro�les. A related24

application is to align altimeter pro�les along tracks so they can be di� erences to look25

for ocean variability. A crude alignment can be done using Kepler elements. Here we26

derive simple analytic formulas for the ground track of a satellite in a curcular orbit27

about a rotating Earth.28
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Figure 3.6: Satellite in a circular orbit around an elliptical Earth where:
! s – satellite orbit frequency
! e – Earth rotation frequency= 2�=86164
! n – precession frequency.

Many remote sensing satellites have nearly circular orbits(e < 0:01) so we'll assume1

e = 0:0. Since the orbit is circular the argument of perigee! is no longer relevant. The2

basic problem is to map the position (Figure 3.7) of a satellite track in a circular orbit3

(inertial frame) into an Earth-�xed coordinate system (Figure 3.8). Lett = 0 be the4

time when the satellite crosses the Earth's equator on an ascending orbit at a longitude5

of � o.6
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Figure 3.7: SatelliteS in the coordinate system of the orbit plane where:
q1 = cos� = cos! st
q2 = sin� = sin! st
q3 = 0

Figure 3.8: Earth-�xed coordinate system where:
x = cos� cos�
y = cos� sin�

z = sin�
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Two rotations are needed to align the satellite frameq to the Earth-�xed framex. First,1

the q-frame is rotated by an anglei about theq1 axis to account for the inclination2

of the orbit plane with respect to the Earth's equatorial plane. Second, the system is3

rotated about thex3 axis to account for the Earth's rotation rate minus the precession4

rate of the orbital plane in inertial space.5

Let 
 = (! e � ! n) t = ! 0
et where! 0

e is the Earth rotation rate minus the orbit preces-6

sion rate. The satellite position in thex-frame is related to the satellite position on the7

q-frame as follows8

x = R3 (� 
 ) R1 (i) q (3.5)

or9

2
666666664

x
y
z

3
777777775

=

2
666666664

cos
 sin
 0
� sin
 cos
 0

0 0 1

3
777777775

2
666666664

1 0 0
0 cosi � sini
0 sini cosi

3
777777775

2
666666664

cos�
sin�

0

3
777777775
: (3.6)

By solving the rotations explicitly, one can derive analytical expressions for mapping10

from the satellite frame to the Earth-�xed frame and vice versa. Multiplying matrices11

yields12

cos� cos� = cos
 cos� + sin
 cosi sin�
cos� sin� = � sin
 cos� + cos
 cosi sin�

sin� = sini sin�
: (3.7)

The last equation relates latitude to the time since the equator crossing and vice versa.13

� (t) = sin� 1 (sin! st sini)
t (� ) = ! � 1

s sin� 1
�

sin�
sini

� (3.8)

The cosine and sine of the longitude (relative to� o) at some later time are given by14

cos� =
�

cos! 0
et cos! st+sin! 0

et sin! st cosi
cos�

�

sin� =
�

� sin! 0
et cos! st+cos! 0

et sin! st cosi
cos�

�
:

(3.9)

By combining these two expressions, and adding the zero-time longitude, the longitude15

at a later time is16
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� (t) = tan� 1
 
� sin! 0

et cos! st + cos! 0
et sin! st cosi

cos! 0
et cos! st + sin! 0

et sin! st cosi

!
+ � o: (3.10)

These equations, 3.8 and 3.10 are approximate formulas to construct the ground track1

of a satellite in a circular orbit around a rotating Earth and we use them below to provide2

simple descriptions of the main types of satellite orbits.3

3.5 Ellipsoidal Earth Model4

Throughout this derivation we usedgeocentric latitude� which is the angle between5

the equator and a line from the center of the Earth to the point on the surface of the6

Earth (Figure 3.9). However,geographic latitude� g is more commonly used for Earth7

location and maps. Before satellites were available for geodetic work, one would es-8

tablish latitude by measuring the angle between a local plumb line and an external9

reference point such as Polaris. Since the local plumb line is perpendicular to the local10

�attened surface of the Earth (i.e.spheroid), it points to one of the foci of the best11

�tting elliptical model for the shape of the Earth.12

The conversion between geocentric and geographic latitude depends on the �attening13

of the Earthf as shown in the following diagram.14

Figure 3.9: Approximate ellipsoidal shape of the Earth used to relate the geocentric
and geographic latitudes.

The radius of the Earth versus latitude is15
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r (� ) =
 
cos2�

a2
e

+
sin2�

c2

! � 1=2

(3.11)

where:1

ae - equatorial radius= 6378135 m2

c - polar radius= 6356775 m (not to be confused with the speed of light in other3

chapters) and the �attening of the Earth isf = ae� c
ae

� 1
298.4

The conversion between geocentric and geographic latitude is straightforward and is5

left as an exercise. The formulas are6

tan� = c2

a2
e

tan� g

tan� = (1 � f )2 tan� g:
(3.12)

To derive this equation, one starts with the equation for an ellipsex2

a2
e

+ y2

c2 = 1. Then7

take the gradient of this equation and rearrange terms.8

Example: What is the geocentric latitude at a geographic latitude of 45? The answer is9

44.8 which amounts to a 22 km di� erence in location!10

Later in the book we will need to convert a point from geodetic coordinates
�
� g; �; t

�
,11

where� is longitude andt is topography above the reference ellipsoid, into Earth �xed12

Cartesian coordinates(x; y; z) (Figure 3.8). The conversion is13

x = (N + t) cos � g cos�
y = (N + t) cos � g sin�

z =
�

c2

a2
e
N + t

�
sin � g

(3.13)

where14

N =
a2

e
�
a2

ecos2 � g + c2 sin2 � g

�1=2
: (3.14)

3.6 Special Orbits15

This simple circular orbit calculation provided the mathematical tools (repeated below)16

to describe several commonly used orbits.17
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� (t) = sin� 1 (sin! st sini)
t (� ) = ! � 1

s sin� 1
�

sin�
sini

� (3.15)

� (t) = tan� 1
 
� sin! 0

et cos! st + cos! 0
et sin! st cosi

cos! 0
et cos! st + sin! 0

et sin! st cosi

!
+ � o (3.16)

3.6.1 Zero Inclination Orbit1

In this case,i = 0 and the orbit precession frequency is zero.2

Using formulas for the sin and cosine of sums of angles (e.g., sin(a � b) = sinacosb�3

cosasinb) one can simplify the longitude function to the obvious result4

� (t) = tan� 1
"

sin(! s � ! e) t
cos(! s � ! e) t

#
= (! s � ! e) t: (3.17)

3.6.2 Geostationary Orbit5

In this case,i = 0; ! s = ! e = 2�=86164.6

The satellite orbit frequency matches the Earth rotation rate. From the equation 3.2 we7

have an expression for the orbit frequency versus orbital radius. Geostationary required8

an orbital radius of 42170 km or about 6.6 times the Earth radius. Usually this type of9

orbit is used for communications or for monitoring the weather patterns from a global10

perspective. Coverage of this type of orbit is a small circle of radius 55o centered on11

the subsatellite point. About 6 satellites are needed to provide a complete equatorial12

view of the Earth and these orbits are not used for high-latitude coverage.13

3.6.3 Geosynchronous Orbit14

In this case,i , 0; ! s = ! e.15

With a non-zero inclination, this orbit can cover higher latitudes but is spends only 1/216

of its time in the correct hemisphere. Inserting these parameters into the above ground17

track equations and neglecting the precession frequency of the orbit plane one obtains18

� (t) = sin� 1 (sin! et sini)

� (t) = tan� 1
�

cos! et sin! et(cosi� 1)
cos2! et+cosisin2! et

�
:

(3.18)
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Now consider the case of small inclination so cosi � 1 � i2
2 . The denominator is about1

1 and the numerator can be simpli�ed so the approximate results for longitude and2

latitude versus time are3

� (t) = tan� 1
�

i2
2

1
2 sin 2! et

�
� i2

4 sin 2! et
� (t) = sin� 1 (sin! et sini) � i sin! et:

(3.19)

The latitude varies as a sine wave with a frequency of! e while the longitude varies4

like a sine wave with a frequency of 2! e. At t = 0 both the latitude and longitude are5

zero. The ground track of the orbit follows a �gure 8 (Figure 3.10).6

Figure 3.10: Ground track of a satellite in geosynchronous orbit traces out a �gure 8

3.6.4 Sun–synchronous Orbit7

For many remote sensing applications, especially optical, it is important to have the as-8

cending node pass over the equator at the same local time as shown in Figure 3.1 (lower)9

so the Sun illumination angle is the same on every orbit. To create a Sun-synchronous10

orbit, the plane of the orbit must precess in a prograde direction with a period of exactly11

1 year.12

! n = 2�= (365:25� 86400)= 1:991� 10� 7s� 1
13

Remember! n
! s

= � 3J2
2

�
ae
a

�2
cosi so prograde precession requiresi > 90o. Thus the14

orbital inclination is dictated by the orbital altitude. For example, the Sun-synchronous15

LANDSAT satellite has an orbital altitude of 705 km (radiusa = 6980 km) so must16

have an inclination of 98:2o (Figure 3.11). For a typical altitude range of remote sensing17

satellites of 400–1000 km, the inclination for a Sun-synchronous orbit is quite narrow18

(97 to 99:5o).19
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Figure 3.11: Inclination versus altitude for a Sun-synchronous orbit. Three examples
of optical remote sensing satellites show excellent �ts to this simpli�ed analysis.

3.6.5 Orbits Tuned for Ocean Altimetry and InSAR1

The following is desirable for ocean altimetry/InSAR:2

a) Ascending and descending tracks should cross at a high angle to resolve both com-3

ponents of sea surface slope/deformation.4

b) One should be aware of the aliasing of Lunar and Solar tides into the height/deformation.5

c) One should choose a repeat cycle that will optimize spatial and temporal coverage.6

d) High latitude coverage may be desired for ice topography and deformation.7

Example: The Geosat radar altimeter was launched in 1985 to measure the topography8

of the ocean surface in support of the Trident submarine program. The main objective9

of the �rst 1.5 years of the mission was to obtain complete marine coverage with tracks10

that cross at high angles for optimum gravity �eld recovery. An inclination of 108o pro-11

vides the best compromise. However, this retrograde orbit is nearly Sun-synchronous12

which leads to aliasing of daily solar tide into a much longer period of time.13

After Geosat completed its 1.5 year mapping mission, it began an extended repeat14

mission to observe changes in ocean topography associated with mesoscale currents.15

To measure changes it was placed in an orbit having a ground track that repeats every16

17.05 days. Of course this was not optimal in terms of aliasing Lunar and Solar tides.17
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tide period (hours) period (days) phase shift after 17.05 days

M2 principal lunar 12.421 .5175 20o

K1 luni-solar 23.934 .997 34o

S2 principal solar 12.00 .500 36o

O1 diurnal lunar 25.819 1.076 54o

The Topex orbit was designed to minimize tidal aliasing. It was placed in a prograde1

orbit having an inclination of 66o and a repeat cycle of 10 days.2

3.6.6 Exact Repeat Orbits3

For applications measuring changes in surface deformation (i.e., InSAR) or changes4

in ocean topography (i.e., ocean altimetry), the orbit must retrace its ground track. To5

accomplish this there must be an integer relationship between the orbit frequency and6

the rotation rate of the Earth relative to the precessing orbit plane.7

2�
! e� ! n

n1 = time forn1rotations of the Earth relative to the orbit plane8

9

2�
! s

n2 = time it takes the satellite to completen2orbits10

11

Setting these two times to be equal provides an expression relating orbit frequencies to12

integer repeats.13

14

2�
! e � ! n

n1 =
2�
! s

n2 )
! e � ! n

! s
=

n1

n2
(3.20)

For example, consider the Sentinel-1 SAR which has 175 orbit cycles in 12 days. This15

requires the following orbit frequencies:16

! e = 7:292� 10� 5 s� 1

! s = 1:041� 10� 3 s� 1

! n = ! e � ! s
n1
n2

:

An example of a the Sentinel-1 ground track is shown in Figure 3.12. This is a retro-17

grade orbit so the ascending tracks go in a northwest direction and reach a maximum18

latitude of 81:8o.19
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Figure 3.12: Ground track of Sentinel-1 computed using equations 3.15 and 3.16 and
an inclination of 98:2o.

3.7 Precise Orbits for InSAR1

The above discussion on Kepler elements provides an overview of orbit kinematics2

and dynamics. However, these simple approaches are not su� ciently accurate for In-3

SAR processing which relies on orbit accuracy of 20-50 mm. In this section we de-4

scribe the precise orbital information that is currently available with standard remote5

sensing products. The development of methods for constructing these precise orbits6

from a combination of precise tracking (GNSS, satellite laser ranging (SLR) and Doris)7

mainly comes from the radar altimeter community where they require radial orbit ac-8

curacy of better than 20 mm to achieve their objectives for monitoring global sea level9

(Cerri et al., 2010).10

As shown in Table 3.1, the precise orbit is provided as state vectors having a time11

spacing of 10 to 60 seconds. The typical InSAR satellite travels 70 km during the 1012

second time interval so there may be 4 or fewer state vector during a typical 250 km13

SAR image frame. To perform the SAR processing we will need a precise position14
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